Received: December 27, 2000, Accepted: February 20, 2001 Revised: August 21, 1999

HYPER VERSION

Noncommutative N = 2 strings

Alok Kumar, Aalok Misra and Kamal Lochan Panigrahi

Institute of physics, Bhubaneswar 751 005, India E-mail: kumar@iopb.res.in, aalok@iopb.res.in, kamal@iopb.res.in

Abstract: We analyze open and mixed sector tree-level amplitudes of N = 2 strings in a space-time with (2, 2) signature, in the presence of constant B field. The expected topological nature of string amplitudes in the open sector is shown to impose nontrivial constraints on the corresponding noncommutative field theory. In the mixed sector, we first compute a 3-point function and show that the corresponding field theory is written in terms of a generalized ∗-product. We also analyze a 4-point function (A_{oooc}) of the mixed sector in Θ → ∞ limit.

Keywords: Superstrings and Heterotic Strings, Superstring Vacua, Brane Dynamics in Gauge Theories.

String Theories with N = 2 worldsheet supersymmetry [1] have been an important area of research [2]–[6] due to their connection with self-dual gravity and Yang-Mills. Such string theories live on a Kähler manifold with (2, 2) signature and their tree amplitudes have a ‘magical’ [2] property that the n-point functions are either local, or zero (for n ≥ 4), thus having no ‘effective’ propagating degrees of freedom. These theories being intimately related to M(atrix) and F-theories [3, 4], are hence considered important from the point of view of obtaining the nonperturbative fundamental theory as well.

In this paper we study N = 2 strings in constant NS-NS antisymmetric tensor (B) background, in view of interesting developments in noncommutative string theory [7]–[10]. In this regard, we have also been motivated by the fact that noncommutative N = 2 strings are expected to have interesting implications in possible generalizations of M(atrix) and F theories to include noncommutativity.

It is known that antisymmetric tensor backgrounds can be incorporated in N = 2 superspace formalism using chiral and twisted-chiral superfields [11]. In this manner, one has an N = 2 worldsheet supersymmetry without having a Kähler metric [11]. One now obtains a noncommutative complex manifold as the target space geometry.

There are two main highlights of the N = 2 noncommutative field theory obtained in this paper. The first is a nontrivial constraint, satisfied by the noncommutative theory, originating from the requirement of the absence of poles in the 4-point amplitude in the open sector of the N = 2 strings for nonzero B. The second is in the mixed sector. Here the noncommutative field theory involves a generalized ∗-product [12, 13], and B explicitly appears with the open string metric in two (left/right) linear combinations for contracting the target space indices of the open-string fields. We finally analyze a 4-point mixed sector amplitude in the extreme noncommutative limit. Nontriviality in the computation of the tree-level string amplitudes in the mixed sector, stems from the fact that due to the absence of z → z̄-symmetry in the presence of B, one can not use the generalized Koba-Nielson integrals of [2, 5, 14] which are relevant when the domain of integration is the full complex plane.

One can consider N = 2 string action (in presence of B), written in an N = 1 superspace notation in [11]: S = ∫ d^2x ∫ dθ_Ldθ_R [ g_{IJ} D^αX^I D_αX^J + B_{IJ} D^αX^I (γ^5D)_αX^J ] , (1)

where the superspace field X^I (I ≡ 1, 2, ¯1, ¯2) represents X, Y, X̄, Ȳ , and α ≡ L, R. The closed string metric and the antisymmetric background fields are denoted by g_{IJ} and B_{IJ} respectively.

Field equations, boundary conditions and canonical commutation relations, including those for fermions in N = 2 case turn out to be similar to the ones written in [15, 8]. Since the vacuum energy of the bosonic and fermionic oscillators remains same as for B = 0 [8], the spectrum of the theory once again consists of a scalar (φ) in the open and (ϕ) closed string sector. The closed- [2] and open-string [5] vertex operators are given by: V_o|_{θ=0} = e^{i(k·x̄+k̄·x)} , V_c|_{θ=}¯_{θ=0} = e^{i(k·x̄+k̄·x)} , V^{int}_c = ( ik · ∂x̄ − ik̄∂x − k · ψ̄_Rk̄ · ψ_R ) ( ik · ¯∂x̄ − ik̄ ¯∂x − k · ψ̄_Lk̄ · ψ_L ) e^{i(k·x̄+k̄·x)} , V^{int}_o = ( ik · ∂_τ x̄ − ik̄ · ∂_τ x − k · (ψ̄_L + ψ̄_R)k̄ · (ψ_L + ψ_R) ) e^{i(k·x̄+k̄·x)} , (2) where V^{int}_{c,o} are the closed- and open-string vertex operators that have been integrated w.r.t. their fermionic supercoordinates. Following [1], θ_L is set equal to θ_R for V^{int}_o . Also, the bosonic component x^i, x^ī denote (x, y) and (x̄, ȳ) which originate from (anti-)chiral and (anti-)twisted chiral fields of N = 2.

The two-point function for both bosons and fermions appearing in (2) can be written together using the superspace 2-point function in N = 1 notation of [16] (with α^′ = 1/2π):

⟨X^i(Z_1, Z̄_1)X^{j̄}(Z_2, Z̄_2)⟩ = −g^{ij̄} ln [ (z_1 − z_2 − θ^L_1 θ^L_2 )(z̄_1 − z̄_2 − θ^R_1 θ^R_2 ) ] + + (g^{ij̄} − 2G^{ij̄}) ln [ (z_1 − z̄_2 − θ^L_1 θ^R_2 )(z̄_1 − z_2 − θ^R_1 θ^L_2 ) ] − − 2Θ^{ij̄} ln [ z_1 − z̄_2 − θ^L_1 θ^R_2 z̄_1 − z_2 − θ^R_1 θ^L_2 ] . (3)

The indices i, j̄ run over 1, 2 and ¯1, ¯2 respectively. The open string metric G^{ij̄} and the noncommutativity parameter Θ^{ij̄} can be expressed in terms of g^{ij̄} and B^{ij̄} as in [8]. For our case, g^{ij̄} denotes the flat closed string metric and B^{ij̄} , constant antisymmetric background of ‘magnetic’ type.

Now, using the above results, we calculate various string amplitudes in the open and mixed sectors. In the closed sector the results of [2, 5] are still valid as closed strings have no boundary, and hence are insensitive to the addition of boundary terms to the world-sheet action. In the open- and mixed-string sectors, the super-Möbius transformations allow two complex fermionic supercoordinates to be set to zero, and three real bosonic coordinates to be fixed to any arbitrary value.

Open sector. The 3-point function using obvious notations is given by:

A_{ooo}(B ≠ 0) = ⟨V_o|_{θ=0}(0)V^{int}_o (1)V_o(∞)|_{θ=0}⟩ = e^{i2 (k̄1Θk2−k̄2Θk1)}A_{ooo}(B = 0) , (4)

where A_{ooo}(B = 0) = c_{12} ≡ k_1G^{−1}k̄_2 − k_2G^{−1}k̄_1. Now, as in [5], one has to impose Bose symmetry on A_{ooo} in (4). Unlike [5], for the noncommutative case, one can have an “isoscalar” as well as an “isovector” component of the amplitude:

A_{ooo} = A^S_{ooo} + A^{AS abc}_{ooo} , (5) where A^S_{ooo} is the isoscalar part of the amplitude that is symmetric under the interchange of the momentum labels of particles 1 and 2, and A^{AS abc}_{ooo} is the isovector part of the amplitude that is antisymmetric under the interchange of the momentum and group labels separately, but is symmetric under the simultaneous interchange of both types of labels. Denoting K_{12} ≡^1_2 (k̄_1Θk_2 − k̄_2Θk_1) one sees that

A^S_{ooo} = c_{12} sin(K_{12}) , A^{AS abc}_{ooo} = c_{12}cos(K_{12})f^{abc} . (6)

Similarly, the 4-point function is given by: A_{oooo}(B ≠ 0) = ∫_1 0 ⟨V_0|_{θ=0}(0)V^{int}_o (x)V^{int}_o (1)V_o|_{θ=0}(∞)⟩

= e^{i(K12+K23+K13)}A_{oooo}(B = 0) , (7)

where A_{oooo}(B = 0) = F^{Γ(1−2s)Γ(1−2t)}_{Γ(2u)} as in [5]. The Θ-dependent phase factor in (7) matches with the phase factor in equation (2.11) of [8]. The null kinematic factor F is that of [2] with the difference that the open-string metric is used for contracting momenta in s, t, u as well as c_{ab}’s.

Moreover, since in the purely open string sector, the Θ dependence of the amplitude enters via a phase factor, one sees that the above result for the noncommutative 3- and 4-point functions readily generalizes to the noncommutative n-point function, implying that, like the claim for the commutative N = 2 theory, all n-point functions with n ≥ 4 also vanish. Hence, the noncommutative N = 2 theory is “topological” in the closed- and open-string sectors.

We now analyze in some detail the implications of the above modifications to the field theory of open string scalars. Using (5) and (6), one can evaluate the field theory (FT) amplitude A_{oooo F T} which consists of contributions from two 3-point functions (A_{ooo F T} ’s) as well as a contact vertex V_{oooo F T} (whose form is determined from the requirement that A_{oooo F T} like A_{oooo} of string theory, vanishes). One can verify that for A_{ooo F T} corresponding to A^S_{ooo} in (6), there are no poles in A_{oooo F T} . This can be seen by adding contributions to the 4-point amplitudes from s, t and u-channels as:

A^S_{ooooF T} = A sin(K_{12}) sin(K_{34}) + B sin(K_{23}) sin(K_{41}) + C sin(K_{31}) sin(K_{24}) , (8)

where A = c_{12}c_{34} s , B = c_{23}c_{41} t = u − A , C = c_{31}c_{24} u = t + A . (9)

Then by eliminating k_4 using momentum conservation, it is noticed that pole part of the amplitude above cancels for A^S_{ooo} in equation (8). In other words, sin(K_{ab}) in A^S_{ooooF T} acts as a structure constant. To generalize this result further, one can consider a more general 3-point function

A^{S abc}_{ooo} = c_{12} sin(K_{12})d^{abc} , (10) with d^{abc} being symmetric structure constants. Vanishing of poles in A^S_{oooo F T} then implies a strong condition on d^{abc}’s leading to multiple copies of abelian noncommutative FT’s mentioned in (14) below.

For A^{AS}_{ooo}, on the other hand, we get a constraint on f^{abc}:

cos(K_{12}) sin(K_{31}) sin(K_{32})f^{abx}f^{xbd}− − cos(K_{23}) sin(K_{21}) sin(K_{31})f^{bcx}f^{xda}+ + cos(K_{31}) sin(K_{21}) sin(K_{23})f^{cax}f^{xbd} = 0 . (11)

One sees that the above constraint can not be satisfied by any classical group. Perhaps it may be satisfied for some quantum group. One now observes that U(N) gauge groups can be obtained from 3-point string vertex, eq. (4), by considering mixed (isoscalar-isovector) vertices. In particular, for U(2), after imposing Bose symmetry on two of the external legs in eq. (4), the corresponding isoscalar-isovector field theory vertex is given as:

A^{ab}_{Mixed} = c_{12} sin(K_{12})δ^{ab} . (12)

Then it can once again be shown that the poles in the isovector 4-point amplitude, obtained by sewing together two 3-point vertices with isoscalar and isovector internal states, cancel.^1 Higher rank groups can also be incorporated by including 3-point vertex in eq. (10) (See for example [17]).

We now write down the FT corresponding to A^S_{ooo F T} mentioned before, as well as the contact vertex appearing in equation (8), after using equation (9) whose explicit form is V^{int}_{oooo} = u sin(K_{23}) sin(K_{41}) + t sin(K_{31}) sin(K_{24}) . (13)

One then obtains the field theory action corresponding to A^S_{ooo} and V^{int}_{oooo} up to terms quartic in φ: L_{F T} = G^{īj} [ 1 2 ¯∂_īφ ∗ ∂_j φ + i 3 [ ¯∂¯_iφ, ∂_jφ]_∗ ∗ φ − 1 12 ¯∂_īφ ∗ [[∂_j φ, φ]_∗, φ]_∗ ] , (14)

where [ξ, η]_∗ ≡ ξ ∗ η − η ∗ ξ. The ∗-product is defined (in momentum space) as: e^{ik1·x} ∗ e^{ik2·x} = e^{iK12} e^{i(k1+k2)·x} . (15) with k · x ≡ k · x̄ + k̄ · x. A generalization of the above noncommutative abelian field theory action to U(N) case is straightforward. The Moyal deformation of self dual Yang Mills (and gravity) were also considered in [18]. We now study the mixed sector of the noncommutative N=2 theory.

1We thank the referee to point this out.

Mixed sector. (a) A_{ooc}: we now show, in N = 2 context, that a mixed amplitude with two open and one closed string vertices generates a field theory with a generalized ∗-product [12, 13] (the Θ = 0 limit of which reduces to the result of [5]).

Following [5], for the purpose of setting the limits of integration, it is convenient to fix the bosonic coordinate of one of the two V_o’s (to 0) and that of V_c to z = x+iy. Then A_{ooc} = ∫_∞ −∞ db⟨V_o|_{θ=0}(b)V^{int}_o (z = x + iy)V_o|_{θ=0}(τ → ∞)⟩ = e^{i2 (k̄bΘkτ −k̄τ Θkb)} × × y 4π^2 ∫_∞ −∞ db ( c^2_{bτ} − (k_τ Θk̄_b + k_bΘk̄_τ )^2 ) e^{− 1}2π^{(kbΘk̄τ −kτ Θk̄b) ln( b−(x−iy)}b−(x+iy)^) ([b − x]^2 + y^2) = e^i2^{(k̄bΘkτ −k̄τ Θkb)} 4π^2 ( c^2_{bτ} − (k_τ Θk̄_b + k_bΘk̄_τ )^2 ) πe^{−i (kbΘk̄τ −kτ Θk̄b)2} sin(^{kbΘk̄τ −kτ Θk̄b}_2 ) (k_bΘk̄_τ − k_τ Θk̄_b) = π 2 c^L_{bτ} c^R_{bτ} sin(K_{bτ} ) K_{bτ} , (16)

where c^{L,R}_{ab} ≡^1_{2π} (k_aG^{−1}k̄_b − k_bG^{−1}k̄_a ∓ k_aΘk̄_b ± k_bΘk̄_a), the upper and lower signs corresponding to L and R respectively. The b integral above was done using Mathematica and is also given in appendix A of [19].

Before commenting on the topological nature of this amplitude, we now write down the corresponding interaction term in the FT action which is given in terms of a generalized ∗-product [12, 13]: L_{ooc} = ϕ ( ∂_i∂_j φ ∗^′ ¯∂¯_i ¯∂¯_j φ − ∂_i ¯∂¯_iφ ∗^′ ∂_j ¯∂¯_j φ ) (G^{−1} − Θ)^{ij̄}(G^{−1} + Θ)^{jī} , (17)

where we have made use of e^{ik1·x} ∗^′ e^{ik2·x} = sin(K_{12}) K_{12} e^{i(k1+k2)·x} . (18)

in arriving at (17) from (16).

Now, to interpret A_{ooc} as a topological theory in the sense of [2], one now sees that by expanding sin(K_{12})/K_{12} in a power series in Θ, an infinite number of (Θ or equivalently B-dependent) terms are generated at the 3-point level in the mixed sector. As the radius of convergence of the sin x/x expansion is infinite, this implies that after expansion, A_{ooc} can be interpreted as an infinite series of local interactions between the closed and open string scalars.

(b) A_{oooc}: like [5], we set the bosonic coordinates of the three V_o’s at 0, 1, ∞ and the fermionic coordinates of the first and third V_o’s to zero. We will hence require to integrate over the bosonic coordinates of V^{int}_c (z, z̄). Defining t^{L,R} ≡^1_{2π} (k_1G^{−1}k̄_4 + k_4G^{−1}k̄_1 ∓ k_1Θk̄_4 ∓ k_4Θk̄_1), u^{L,R} ≡^1_{2π} (k_1G^{−1}k̄_3 + k_3G^{−1}k̄_1 ∓ k_1Θk̄_3 ∓ k_3Θk̄_1), one gets: A_{oooc} = ∫ ∫ UHP dzdz̄⟨V_o|_{θ=0}(0)V^{int}_o (1)V_o|_{θ=0}(∞)V^{int}_c (z, z̄)⟩ ∼ ∫ ∫ UHP dzdz̄z^{tL}z̄^{tR} (1 − z)^{uL} (1 − z̄)^{uR} × × ([ − c^L_{14} z + c^L_{24} (1 − z) ][ − c^R_{14} z̄ + c^R_{24} (1 − z̄) ][ −2c_{12} + c^L_{24} (1 − z) + c^R_{24} (1 − z̄) ] + + [ − c^L_{14} z + c^L_{24} (1 − z) ] [ −u^R + (u^R)^2 − (c^R_{24})^2 (1 − z̄)^2 ] + + [ − c^R_{14} z̄ + c^R_{24} (1 − z̄) ] [ −u^L + (u^L)^2 − (c^L_{24})^2 (1 − z)^2 ]) , (19)

which gives the A_{oooc} amplitude of [5] for Θ = 0. However, because of the lack of z → z̄ symmetry in the presence of B, unlike [5], one can not enlarge the domain of integration from the upper half complex plane to the entire complex plane To simplify the algebra, one notices that in the extreme noncommutative case (Θ → ∞), which has been a subject of recent interest [9], t^L = −t^R = t̃, u^L = −u^R = ũ and c^L_{ab} = −c^R_{ab} = c̃_{ab}. We will now consider only this case in the paper. One can then verify that the coefficient of the leading term vanishes when one makes use of the fact that any finite powers of z, z̄, (1 − z), (1 − z̄) can be dropped with respect to the ones containing t^{L,R}, u^{L,R}. This suggests that 4-point amplitude of (19) is possibly zero. We now argue that each of the integrals appearing in eq. (19) is in fact zero for generic non-integral t̃ and ũ, positive integral values of t̃ or ũ, as well as negative integral values of ũ, t̃ < −4. We hence have to evaluate integrals of the type ∫ ∫ dzdz̄z^a(1 − z)^bz̄^c(1 − z̄)^d (20)

over the UHP. The above integral is similar, though not identical to the ones that are evaluated in [19].

Using the Stokes theorem in the complex plane, the integral of (20) gets mapped to (∫ Im z=0 axis + ∫ C_R ) z̄^c(1 − z̄)^dz^{1+a} 1 + a^2

F_1(1 + a, −b, a + 2; z) , (21)

where C_R is a semicircular contour in the upper half plane whose radius is taken to infinity eventually. Now, we use the integral representation of_2F_1(1 + a, −b, a + 2; z) as given in [20, eq. (15.3.1)] valid for a + 2 > −b > 0, | Arg(1 − z)| < π. The term c_{12} in equation (19) drops out as compared to terms consisting of c^L_{24} or c^R_{24}. From (19) one will pick up an R^{−3} from each of the terms. So, when evaluating ∫ C_R , one gets lim_{R→∞} ∫ C ∼ R^{c+d−2}. Hence, one takes c + d < 2 for the purpose of evaluation of the integral so that lim_{R→∞} ∫ C = 0, keeping in mind that the answer that one gets

Figure 1: Deformation of contour of integration; there are three branch cuts: x → −∞ to x = 1, x = 0 to x = 1, and x = 1 to x → ∞.

can be analytically continued to c + d ≥ 2 domain, and those a, b not satisfying the above constraints. Hence, one is left with the integral over the real axis which is: ∫_∞ −∞ dx x^{a+c+1}(1 − x)^d_2F_1(1 + a, −b, a + 2; x) . (22)

If b ∈ Z^+, then_2F_1(1 + a, −b, a + 2; x) can be expanded as a finite series, and using that ∫_∞ −∞ dxx^α(1−x)^β is proportional to sin(πα) (for more exact expression, see (24)), one sees that (22) vanishes. For b ∈ Z^− and b < −4, one performs the z̄ integration first, and the argument for b ∈ Z^+ follows here as well. For a ∈ Z, we conformally map the UHP to the LHP by z → (1 − z). Then the argument for b ∈ Z can be repeated here. So, (22) vanishes if at least one of a or b is a positive integer or a negative integer less than −4. We now argue that (22) vanishes for a, b ∉ Z as well.

The identity (15.3.6) of [20] which is valid for | Arg(1 − z)| < π, is now used. The integrand in (22) is analytic in the entire complex plane except along the branch cuts from x = 0 to x = 1 and along x > 1. Hence, one can deform the contour along the real axis to a contour C (which is equivalent to putting z = x + iϵ for x > 1) of figure 1a. Along C, | Arg(1 − z)| < π is satisfied for the entire contour. After applying (15.3.6) (of [20]) to (22), one deforms C of figure 1a back to the contour of figure 1b.

Now, the Mellin-Barnes contour integral representation of the hypergeometric function_2F_1(α, β, γ; (1 − z)) as given in (15.3.2) of [20] valid for | Arg[−(1 − z)]| < π, is used. Like before, one uses the analyticity property of the integrand of (22), and deforms the contour of figure 1b to C^′ (which is equivalent to setting z = x + iϵ for x < 1) of figure 1c. Along C^′, | Arg[−(1 − z)]| < π is satisfied for the entire contour. Finally, we deform C^′ back to figure 1b. We will thus have: ∫_∞ −∞ dxx^{a+c+1}(1 − x)^{d+s+λ} , (23)

where λ = 0 or 1 + b. The above integral, after evaluation, has a form: ∫_{i∞} −i∞ ds sin(π[a + c + 1]) sin(π[d + s + λ]) sin(π[a + c + d + s + λ + 1])

Γ(a + c + 2)Γ(d + s + λ + 1) Γ(a + c + d + s + λ + 3)

, (24)

with certain restrictions on a, c, d, λ which can then be removed by analytic continuation. In the large B limit a + c ∈ Z, hence sin(π[a + c + 1]) = 0 implying that (22) vanishes. As a result, A_{oooc}(B → ∞) = 0 in all the cases discussed above.

We end by pointing out that it will be interesting to examine the applications of N = 2 noncommutativity to M(atrix) and F- theories.

References

[1] M. Ademollo et al., Dual string with U(1) color symmetry, Nucl. Phys. B 111 (1976) 77. [2] H. Ooguri and C. Vafa, Selfduality and N = 2 string magic, Mod. Phys. Lett. A 5 (1990) 1389; Geometry of N = 2 strings, Nucl. Phys. B 361 (1991) 469; N = 2 heterotic strings, Nucl. Phys. B 367 (1991) 83.

[3] S.V. Ketov, The OSp(32|1) versus OSp(8|2) supersymmetric m-brane action from selfdual (2, 2) strings, Mod. Phys. Lett. A 11 (1996) 2369 [hep-th/9609004].

[4] E. Martinec, M-theory and N = 2 strings, talk given at the NATO Advanced Study Institute on Strings, Branes and Dualities, Cargèse, France, 26 May – 14 Jun 1997. in Cargèse 1997, Strings, branes and dualities p. 241 [hep-th/9710122].

[5] N. Marcus, The N = 2 open string, Nucl. Phys. B 387 (1992) 263 [hep-th/9207024].

[6] N. Berkovits, Superpoincare invariant superstring field theory, Nucl. Phys. B 450 (1995) 90 [hep-th/9503099];

N. Berkovits and W. Siegel, Covariant field theory for self-dual strings, Nucl. Phys. B 505 (1997) 139 [hep-th/9703154].

[7] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory: compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

[8] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[9] R. Gopakumar, S. Minwalla and A. Strominger, Noncommutative solitons, J. High Energy Phys. 05 (2000) 020 [hep-th/0003160].

[10] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, OM theory in diverse dimensions, J. High Energy Phys. 08 (2000) 008 [hep-th/0006062].

[11] J.S. J. Gates, C.M. Hull and M. Rocek, Twisted multiplets and new supersymmetric nonlinear sigma models, Nucl. Phys. B 248 (1984) 157.

[12] M.R. Garousi, Non-commutative world-volume interactions on D-branes and Dirac- Born-Infeld action, Nucl. Phys. B 579 (2000) 209 [hep-th/9909214]; Transformation of the Dirac-Born-Infeld action under the Seiberg-Witten map, hep-th/0011147.

[13] H. Liu and J. Michelson, ∗-trek: the one loop N = 4 noncommutative sym action,

hep-th/0008205;

F. Ardalan and N. Sadooghi, Anomaly and nonplanar diagrams in noncommutative gauge theories, hep-th/0009233;

T. Mehen and M.B. Wise, Generalized ∗-products, Wilson lines and the solution of the Seiberg-Witten equations, J. High Energy Phys. 12 (2000) 008 [hep-th/0010204]; S.R. Das and S.P. Trivedi, Supergravity couplings to noncommutative branes, open wilson lines and generalized star products, hep-th/0011131.

[14] H. Kawai, D.C. Lewellen and S.H.H. Tye, A relation between tree amplitudes of closed and open strings, Nucl. Phys. B 269 (1986) 1.

[15] C.-S. Chu and P.-M. Ho, Noncommutative open string and D-brane, Nucl. Phys. B 550 (1999) 151 [hep-th/9812219].

[16] B. Chen, H. Itoyama, T. Matsuo and K. Murakami, Worldsheet and spacetime properties of p-p^′ system with B-field and noncommutative geometry, Nucl. Phys. B 593 (2001) 505 [hep-th/0005283].

[17] O. Lechtenfeld, A.D. Popov and B. Spendig, Open N = 2 strings in a B-field background and noncommutative self-dual Yang-Mills, hep-th/0012200.

[18] H. García-Compeán, J. F. Plebanski, M. Przanowski, Geometry associated with selfdual Yang-Mills and the chiral model approaches to selfdual gravity, Acta Phys. Polon. 29 (1998) 549 [hep-th/9702046].

[19] M.R. Garousi and R.C. Myers, World-volume potentials on D-branes, J. High Energy Phys. 11 (2000) 032 [hep-th/0010122].

[20] M. Abramowitz, C.A.Stegun eds., Hypergeometric functions, ch. 15 in Handbook of mathematical functions with formulas, graphs, and mathematical tables, 9th print, Dover, New York 1972, pp. 555–566.